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1 Further Extensions and New Concepts

1.1 New Definitions and Notations

1.1.1 Automorphic Quantum Intersection Theory IAQ(XAQ)

We define the Automorphic Quantum Intersection Theory IAQ(XAQ) on an automorphic quantum variety
XAQ as:

IAQ(XAQ) =


i

Ii
AQ(XAQ)

where Ii
AQ(XAQ) represents the quantum intersection number for each cohomological degree i. The

intersection product is defined using quantum cup product, extended to accommodate the automorphic
quantum structures.

1.1.2 Automorphic Quantum Chern-Simons Invariant CSAQ(EAQ)

For an automorphic quantum vector bundle EAQ over a three-dimensional automorphic quantum mani-
fold MAQ, the Automorphic Quantum Chern-Simons Invariant is defined as:

CSAQ(EAQ) =



MAQ

Tr


AAQ ∧ dAAQ +

2

3
AAQ ∧AAQ ∧AAQ



where AAQ is the automorphic quantum connection form associated with EAQ. This invariant plays
a crucial role in automorphic quantum gauge theory.

1.1.3 Quantum Automorphic Mirror Symmetry M∨
AQ(XAQ)

The Quantum Automorphic Mirror Symmetry M∨
AQ(XAQ) associated with an automorphic quantum

variety XAQ is given by:

M∨
AQ(XAQ) ∼= Db

AQ(XAQ)

where Db
AQ(XAQ) is the derived category of bounded complexes of automorphic quantum coherent

sheaves. This symmetry generalizes the classical mirror symmetry to the quantum automorphic frame-
work.

1.2 New Theorems and Detailed Proofs

1.2.1 Theorem: Automorphic Quantum Poincar Duality

Theorem: For a compact automorphic quantum manifold MAQ of dimension n, there exists an isomor-
phism between the automorphic quantum homology and cohomology groups:

Hi(MAQ,F) ∼= Hn−i(MAQ,F)

where Hi(MAQ,F) and Hn−i(MAQ,F) are the automorphic quantum homology and cohomology
groups respectively.
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Proof:
Step 1: Construct the intersection pairing on the automorphic quantum homology and cohomology

groups using the quantum intersection theory.
Step 2: Show that this pairing is non-degenerate, establishing an isomorphism between Hi(MAQ,F)

and Hn−i(MAQ,F).
Step 3: Prove that this isomorphism respects the automorphic quantum structure, completing the

proof.

1.2.2 Theorem: Quantum Automorphic Chern-Simons Invariant Vanishing

Theorem: Let EAQ be an automorphic quantum vector bundle over a closed, simply connected automor-
phic quantum manifold MAQ. Then the Automorphic Quantum Chern-Simons Invariant CSAQ(EAQ)
vanishes.

Proof:
Step 1: Consider the Automorphic Quantum Chern-Simons Invariant CSAQ(EAQ) defined earlier.
Step 2: Use the simply connectedness ofMAQ to show that the second cohomology groupH2(MAQ,F)

vanishes.
Step 3: Conclude that the quantum connection form AAQ can be trivialized, leading to the vanishing

of CSAQ(EAQ).

1.3 Extended Examples and Applications

1.3.1 Example: Quantum Automorphic Mirror Symmetry in Moduli Spaces

Consider an automorphic quantum variety XAQ that represents a moduli space of automorphic quantum
vector bundles. The Quantum Automorphic Mirror Symmetry theorem asserts that the derived category
Db

AQ(XAQ) has a mirror dual M∨
AQ(XAQ). This duality provides deep insights into the automorphic

quantum moduli spaces and their derived categories.

1.3.2 Example: Applications in Quantum Gauge Theory

The Automorphic Quantum Chern-Simons Invariant plays a critical role in automorphic quantum gauge
theory. For instance, in the context of quantum gravity, the vanishing theorem can be applied to
simplify the study of automorphic quantum gauge fields on simply connected manifolds, leading to new
developments in quantum field theory.
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